Although the magnitude of lateral inhibition in the retina of Limulus polyphemus depends strongly on the distance between ommatidia, the time of delay r between the response of one ommatidium and the consequent inhibition of another is independent of the distance between them and is approximately 0.1 sec. Moreover, experimental observations indicate that for intact undamaged retinae in intense spatially uniform illumination, the total inhibitory influence at a given ommatidium can exceed the excitation of that ommatidium. A simple theory combining these two known facts yields the following conclusions: The response of a healthy Limulus retina to an intense, temporally constant, and spatially uniform excitation e (in the usual Hartline-Ratliff units) should be a sustained synchronous oscillation of period 2T, with the mean response over one complete cycle equal to approximately 1/2 e. Under a broad class of circumstances the sustained oscillations should take the form of a succession of "bursts" and "rest periods", each of duration r. The oscillations can have, however, a fine structure in which there is repeated information about the duration and sequence of any short pulses of excitation which occurred within a time-interval of length r before the onset of steady excitation. Because it is repeated every 2r seconds, this information remains available in the retina for interaction with subsequent changes of excitation.
The usually considered functional purposes for the much studied lateral inhibitory influences in the retina of the compound eye of Limulus polyphemus are (i) enhancement of spatial contrast to facilitate edge detection (6, 8, (10) (11) (12) , (ii) tuning for significant spatial and temporal frequencies (13, 14) , and (iii) generation of special burst responses to "light off" and "on-off" stimuli (4) . We here describe, in a preliminary way, theoretical considerations which indicate that, at least for the visual system of Limulus, lateral sensory inhibition in the retina of compound eyes has another purpose.
Consider a compound eye of Limulus in a time-dependent field of illumination, and number 1,2,Y. . . ,M the approximately one thousand ommatidia of the eye. The response, r,(t), (at p at time t) is the rate of discharge at time t of impulses in the axon issuing from the eccentric cell of the p'th ommatidium.
Following Hartline and Ratliff (3, 5) we define the excitatWion ep(t) to be the response which the p'th ommatidium would show if it were illuminated by itself in a standard state with the flux of light actually falling on it at time t -T, where T is the latent period between a change of illumination and the consequent change in the rate of firing; the standard state referred to here is one in which the p'th ommatidium is free from the effects of lateral inhibition but not the effects of light-adaptation and self-inhibition. [One may, for example, visualize the standard state as that obtained by light-adapting the entire eye and then holding all ommatidia other than the p'th in total darkness for approximately one second; in such a state the p'th ommatidium would be free from lateral inhibition but not self-inhibition, and all ommatidia would be subject to the longer lasting effects of light adaptation; in particular, the rate of spontaneous firing would be negligible throughout the eye. Crucial to our theory is not the detailed definition of the standard state, but rather the assumption that for time-dependent fields one can (and does) define e,(t)
in such a way that e,(t) = r,(t) when the effects of lateral inhibition are absent, and this requires that the effects of light adaptation and self-inhibition be absorbed into ep(t). I
We want to derive consequences of the following general type of constitutive equation for describing lateral interactions in a retina: r,(t) = m(eui(t); r(t -),... *,rM(t -)) p= 1,y... YM; [1] here T is a fixed time delay whose magnitude is, for Limulus, circa 10-1 sec; 5:, is a real-valued function on the first orthant in RM+1; the number 3:(e,(t);r1(t -T),...,rM(t -T)) is called the inhibition at p at time t; m is the real-valued function defined on the real line R by m(x)= Jx, for x > 0, 0, for x < 0.
[2]
Negative frequencies cannot occur, and the presence of m in Eq. 1 is required to insure that the response rp(t) is zero, rather than negative, when the inhibition at p exceeds the excitation e,(t [4] Abbreviation: ips, impulses per second.
It follows from Eqs. 1 to 3 that if we have e,(t') = 0 at some time t' and for some ommatidium p, then r,(t') = 0, and if, moreover, e1(t') = 0 for all j, then r,(t' + T) = e,(t' + T) for all p, whatever value ep(t' + T) has.
An example of a constitutive equation with the form 1 is that which Ratliff, Hartline, and Miller (7) proposed as qualitatively compatible with their experiments on lateral sensory inhibition in the retina of Limulus: M\ rp(t) = m ev(t) -E Kpjm(r1(t -Tv,j) -pj) j=l p= 1,...,M; [5] here Op, j, Kp, j, and Tp,, are nonnegative numbers; for each p, 2jKvj > 0 and K., = 0p = 0. There is no evidence for a strong dependence of Tp,j on p and j, and recent experiments (15, 16) indicate that the delay between a change in the rate of firing of one ommatidium and the resulting change in the inhibition of another is independent of the distance between the two ommatidia and is, at 19°C, circa 10-1 sec. Thus, rTj = T '~' 10-1, and Eq. 5 reduces to M rp(t) = m ep(t) -E Kpjm(rj(t -T) -pj) j=l p= 1,...,M, [6] which is a special case of Eq. 1. The work of Lange (9) and Barlow (10) (see also ref. 21) shows that K,,, can depend on e,,, so that in Eq. 6 we have K,,,j = K,,,j(e,,(t)). Equation 6 remains a special case of Eq. 1 even if such a dependence of K,,,1 on e,, is allowed. Experiments of Barlow (10, 11) , on excised retinae, and experiments of Fraioli (18) , employing the preparation of Barlow and Kaplan (19) in which the retina remains in situ without interruption of the flow of blood to it, strongly indicate that for intact, undamaged retinae of Limulus there is, for each p, a number e, such that M inf E K,,j(ep) > 1.
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In his work on excised retinae, Barlow (10, 11) did not directly observe the inequality 7 but rather inferred that 7 would hold if one were to attribute to retinal damage certain "holes" in the inhibitory field, i.e., certain isolated pairs (p,j) for which K,,,1 -p 0. For retinae in situ, however, 7 is often observed to hold without any adjustment of data (18) . Barlow and Fraioli have recently found that for retinae in situ, throughout a broad range of e,,, ZjK,,j increases with ep, and at 19°C can achieve a value greater than 5.
Returning to the general Eq. 1, let us assume that the dependence of 5p on p is compatible with "uniform output for uniform input" in the sense that, for each pair (y,x) of positive numbers, the quantity 3p(y;x,... ,x) is independent of p;
i.e., there is, for each y > 0, a single function F, on [0, co) such that M times 5,,(y;x,...,x) = F1(x), p = 1,...,M. [8] Such an assumption should hold well for values of p corresponding to ommatidia away from the edge of the eye. It follows from Eqs. 1 and 8 that if the excitation e,(t) is spatially uniform (i.e., independent of p) for t > 0 and if in addition the response is spatially uniform for the initial interval -r < t< 0 then the response is spatially uniform for all t > 0.
Moreover, by Eqs. [1] [2] [3] case in which e,(t) is as in Eq. 9, for every p, with 6(t)-0 for -r < t < 0; -* oe,(t) for p = 1 through M; r(t).
form (0, for -2r < t < -T, e,(t) = /e(t), for -T < t < 0, e, a positive constant, for t > 0O [9] where e is a preassigned nonnegative function with domain [-r,O), then r,,(t) = r(t), for each p and all t > -T, where r is the solution of the functional equation r(t). = m(e -F6(r(t -7T))), 0 < t < co, [10] with the initial condition r(t) = (t), -T < t < 0.
[11]
The function Fe in Eq. 10 is determined by 5,, in Eq. 1 as shown in Eq. 8 with, of course, y = e. It follows from Eq. 3 that
[12] and 4 implies that Fe(r) is not negative for any value of r. Clearly, when the number e and the function e in Eq. 11 are specified, Eq. 10 determines a unique value of r(t) for each t > 0.
We note that Eq. 10 with the special initial condition g0,i.e., with r(t) = 0 for -r < t < 0, [13] describes an experiment in which an eye which has been resting in the dark (for at least r seconds) is exposed at time t = 0 to a uniform excitation which is held constant at the value e for t > 0.
For a retina described by Eq. 6, F6 has the special form
j=l [14] and, for the intact eye of Limulus, the coefficients Kp,,, obey the inequality 7. It follows from 14 and 7 that there is a number e. > 0 such that F,(e) > e for all e > eU.
[15] There is evidence (9, (14) (15) (16) (17) to the effect that lateral inhibition in Limulus has not only a delay of magnitude r but has also a duration, i.e., decays with a nonzero time of relaxation, which is not accounted for in Eq. 1 . * *e,(t) for p = 1 through M; -r(t).
responding to the particular initial condition 13 is the simple square-wave function of period 2r which is shown in Fig. 1 and is given by the formula r(t) = Je, for 2nr < t < (2n + 1)r [16 0 , for (2n+ 1)T < t< (2n+2)Tr, with n = 0,1,2,.... Thus, if an eye which has been resting in the dark is exposed to a uniform (or diffuse) excitation which is subsequently held constant at a value e which exceeds e., then we expect that: (i) the response should show "bursts"-of firing of length T, each of which is followed by a "dead period" of length T. which is followed, in turn, by a burst of length r, etc.; (ii) this oscillatory response should not be transient in nature but should persist as long as the excitation remains at the value e; i.e., the response should be truly periodic with period 2r; and (iii) the mean rate of firing, i.e., the average of r over one cycle, should be '/2 e.
In Fig. 2a, b , and c we give graphs of solutions of Eq. 10 derived assuming only that Fe(O) = 0 and Fe(e) > e (see 12 and 15); these solutions correspond, respectively, to the following choices for the "initial data function" e in Eq. 11, with et a number not less than e and a a number in the range 0 < a < 1: e(t) = et, for -r < t < 0, (et for -T < t <-aT, 0, for -ar < t < 0, et W= 0, for -T < t < -ar, let, for -ar < t <0.
[17a]
[17b]
[17c]
Note that in each of these cases e is a step function taking on only two values, 0 and et (>e), and varies no more than once between these two values; it follows that the resulting solution r differs from that shown in Fig. 1 (20) has recently reported observing a bursting phenomenon in the response of groups of optic nerve fibers issuing from excised retinae of Limulus exposed to diffuse and intense illumination. Although his experiments were designed with other purposes in mind than the testing of the matters discussed here, Adolph's observations do seem to be in qualitative accord with our solution 16 of Eq. 10 and also with the measurements of Barlow and Fraioli of the response in axons from ommatidia of retinae in situ. Since the experiments of Barlow and Fraioli (18) indicate that lateral inhibition is stronger (in the sense that there are less "holes" in the inhibitory field and inhibitory thresholds are lower) for retinae in situ than for excised retinae, we expect that sustained synchronous oscillations of the type 16 should be more easily observed for retinae in situ, and when they do occur in excised retinae they should require higher levels of excitation or higher temperature.
When e equals or is greater than e., and the initial data -r(t).
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I values et no less than e, then the solution of Eq. 10 has a fine structure absent from the solutions considered so far. Fig. 3a and b exhibit the solutions of Eq. 10 (assuming that Fe obeys 12 and 15) for initial data functions e which exceed e (>e.) on separated subintervals of (-,0) and are zero elsewhere on [-T,O). It will be noticed that the response is again truly periodic with period 2T but is not a translate of the solutions shown in Figs. 1 and 2 . In each interval of the form (2n + 1) r < t < (2n + 2) TX the response is essentially a repetition of the function e, the only alteration being that when the response is not zero it has the imposed value e instead of the corresponding initial value et. On intervals of the form 2nr < t < (2n + 1) r, the response is an "inverted"
repetition of e, in the sense that Jr(t) = 01 at times t = t '+ 1 r(t) = e) (2n + 1)T corresponding to values of t' in [-r,O) for which {A(t') e . Thus, as long as the excitation remains constant at the value e, the retina "remembers" the length and sequence of time intervals during which the initial excitation e exceeded a critical value. We shall discuss this point in greater detail in subsequent publications and shall show that the critical value r' which e(t) must exceed to be "remembered" can, under physically reasonable hypotheses about Fe, be less than e.
Consider the following experiment suggested by our theory. A retina of Limulus, in the standard state, is exposed to a spatially uniform pulse of excitation with magnitude et > e.
and duration d appreciably less than 1/2 T (e.g., d = 0.02 sec); this pulse is followed, within 1/2 T (= 0.05 see) by a spatially uniform excitation which is held constant, for a long time, at a value e obeying eu < e < et. If Eq. 10 gives a satisfactory (albeit approximate) description of the dynamics of lateral interactions in the retina for spatially uniform excitation fields of the type 9, then the response r observed in this experiment should be qualitatively of the form shown in Fig.  3a ; in particular, r should exhibit a fine structure in which the initial pulse, with its length d preserved, recurs in alternating "inversions" and "repetitions" with new amplitude e. Note that the average of r over one complete cycle of length 2r (= 0.2 sec) should here again be '/2 e. We hope that such an experiment will be performed.
To avoid damaging the eye with intense illumination, measurements on Limulus are usually performed at excitations such that the average value of r is less than 50 impulses per second (ips). In the experiment suggested above, it will be necessary to measure the response in several optic nerve fibers simultaneously, either by grouping them into a single bundle, or by measuring their individual activity and storing the resulting data in a multichannel recording device. (The latter, more elaborate, procedure would permit an analysis of statistical fluctuations from the averaged behavior described by Eq. 10.) When T = 0.1 see, an excitation e of 20 ips implies here a mean response (r) = 1/2 e of 10 ips, which, in turn, implies that there be 2 impulses per fiber in one period of length 2r and that these 2 impulses occur in time intervals whose total length is 0.1 sec. To detect a "fine structure" of the type shown in Fig. 3a with d = 0.02 see and with (r) = 10 ips, we should recommend that about 10 fibers be studied simultaneously, for then a time interval of length 0.1 see would be covered with approximately 2 X 10 = 20 impulses the gap of length d occurring during the "inversion" part of a cycle, and each of the locally isolated bursts of length d occurring during a "repetition" part of a cycle would contain about 4 impulses. 15) , and hence that the period of the oscillations, albeit dependent upon the state of the eye and the intensity of the light, is a measure of the delay in the transmission of lateral inhibition.
